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Abstract 

We consider a Haag-Kastler net in a positive energy representation, ad¬ 
mitting massive Wigner particles and asymptotic fields of massless bosons. We 
show that states of the massive particles are always vacua of the massless asymp¬ 
totic fields. Our argument is based on the Mean Ergodic Theorem in a certain 
extended Hilbert space. As an application of this result we construct the out¬ 
going isometric wave operator for Compton scattering in QED in a class of 
representations recently proposed by Buchholz and Roberts. In the course of 
this analysis we use our new technique to further simplify scattering theory of 
massless bosons in the vacuum sector. A general discussion of the status of the 
infrared problem in the setting of Buchholz and Roberts is given. 


1 Introduction 


In general, the term infrared problems can be understood as complications in mathe¬ 
matical description of quantum systems encountered at large spatio-temporal scales. 
However, its conventional definition is more specific and refers to difficulties in scat¬ 
tering theory of such systems in the presence of long range forces and/or massless par¬ 
ticles. The simplest and well understood example is Coulomb scattering in quantum 
mechanics which requires the Dollard modihcations of the wave operators. Infrared 
problems in quantum electrodynamics (QED) still evade a satisfactory solution and 
constitute an active field of research in mathematical physics. Among many advances 
of recent years |MS15([Hel4(ICFP07(IBR14] . a particularly radical proposal was put 
forward by Buchholz and Roberts in the setting of algebraic quantum field theory 
(AQFT) |BR,14] . In essence, these authors suggest that after restricting attention to 
measurements in some future lightcone V, infrared problems should disappear. Buch¬ 
holz and Roberts adopt the general point of view on infrared problems and illustrate 
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their ideas by results on superselection structure of QED. However, conventional in¬ 
frared problems, understood as complications in scattering theory, are not treated in 
their work. It is therefore an open question if the appealing ideas of Buchholz and 
Roberts are helpful for analysis of collision processes in QED. We give a partial answer 
in this work. 

Infrared problems in QED can be traced back to the fact that the spacelike asymp¬ 
totic flux of the electric held 

0(n) = lim r‘^nE(rn), n G (1.1) 

r— >-co 

commutes with all local observables [Bu82j . Since this hux is an arbitrary function on 
the unit sphere S'^, restricted only by the Gauss Law, each value of the electric charge 
corresponds to uncountably many disjoint irreducible representations of the algebra 
of observables, which are of potential physical interest. This invalidates the standard 
Doplicher-Haag-Roberts (DHR) theory of superselection sectors. For non-zero charges 
none of these representations can be Poincare covariant, since the existence of 0 is 
not consistent with unitary action of Lorentz transformations. For similar reasons, 
charged particles cannot have sharp masses |Bn86] . This latter difficulty, called the in¬ 
fraparticle problem, invalidates the conventional Haag-Ruelle or Lehmann-Symanzik- 
Zimmermann (LSZ) scattering theory for electrically charged particles. In this situa¬ 
tion a charged particle is a composite object involving a soft-photon cloud correlated 
with the particle’s velocity. The cloud is needed for the purpose of ffine-tuning the 
flux’, that is, keeping it constant along the time evolution [Bu82j . Such infraparticles 
have in fact been constructed in concrete models of non-relativistic QED [CFPOTj . 

The above discussion involves a tacit restriction to representations of the algebra of 
observables of QED in which the flux fll.ip exists. Buchholz and Roberts consider in¬ 
stead a class of representations in which this is not the case, i.e. the fluctuations of the 
electric field tend to inhnity under large spacelike translations. Thinking heuristically, 
one way to achieve this is to include highly fluctuating background radiation, emitted 
in very distant past. Such radiation, which should not be confused with soft photon 
clouds mentioned above, will ‘blur the flux’, that is prevent the existence of the limit 
in fll.ll) . On the other hand, it is clear from Figure fTal and the Huygens principle that 
this background radiation will stay outside any future lightcone V. Thus, inside V one 
can follow the usual DHR strategy to pass from the dehning vacuum representation 
i of the algebra of observables 21 to an electrically charged positive energy represen¬ 
tation 71. To this end, consider a pair of opposite charges in a hypercone C C V, 
which is a region depicted in Figure fTal and defined precisely in Subsection 12.21 Next, 
transport one of the charges to lightlike inhnity. As argued in |BR14] . this process 
of charge creation in C should be only weakly correlated with operations performed 
in the spacelike complement of C in V, denoted C^. Therefore, the resulting charged 
representation tt should satisfy the following property of hypercone localization 

TT (2l(CQ ~ i t2t(CQ, (1.2) 

where ~ denotes unitary equivalence and 2l(C‘’) is the algebra of all observables mea¬ 
surable in C^. Since C'’ C V, this property is consistent with high huctuations of the 
electric held at spacelike inhnity, blurring the hux fll.ip . (See again Figure [la]). As 


2 





















Figure 1. (a) A hypercone localized representation of QED is equivalent to the vacuum representation 
in the causal complement C V of any hypercone C C V. This condition is consistent with the 
presence of highly fluctuating background radiation emitted iii distant past, which is needed to blur 
the flux (j). (b) If the approximating sequence [1,ck)) ^ t At of the outgoing asymptotic photon 
field is localized in C^, the existence of the limit can be inferred from the corresponding result in 
the vacuum representation |Bu 77]. However, the incoming asymptotic field is not expected to exist, 
since its approximating sequence [l,oo) 9 1 1 —>■ A_t collides with the background radiation. 


<p does not exist, we may require that vr is covariant under Poincare transformations 
and that charged particles have sharp massed. We adopt these assumptions in this 
work and study their consequences. 

The problem of verifying these assumptions in some concrete models of QED is 
outside the scope of this work. However, the above discussion reveals certain similarity 
of the Buchholz-Roberts ideas to the concept of infravacua p.59] p<MrK7^ . 

We recall that such states result from adding to the vacuum a sufficiently strong 
background held. Infravacua were constructed in QED in the external current ap¬ 
proximation by Kraus, Polley and Reents |KPR,77] . We believe that a similar analysis 
in more realistic theories, e.g. translation invariant models of non-relativistic QED, 
could bring interesting new insights into the nature of electrically charged particles. 

Results. Let us now give an outline of our results in somewhat simplihed terms. As 
mentioned above, we consider a Haag-Kastler theory (21, U) in a vacuum representa¬ 
tion, given by the algebra of observables 21 C B{'H) and a unitary representation of 
the covering group of the Poincare group P| 9 A e-)■ U{X). We also consider a Poincare 
covariant, positive energy representation vr of 21, satisfying the property of hypercone 
localization fll.2p . which gives rise to a new Haag-Kastler theory (^, U) on a Hilbert 
space 'H. The vacuum representation is assumed to contain massless Wigner particles 
(‘photons’) and the representation vr to contain massive Wigner particles (‘electrons’). 
That is, there is a subspace f)ph C "H on which U acts as a representation of with 
mass TUph = 0 and, similarly, a subspace [)ei C P on which t) acts as a representation 
of mass TUei > 0. 

Our goal is to describe Compton scattering, i.e. collision processes involving one 

^Poincare covariance is used in [BR14) at a technical level. The possibility of sharp masses of 
charged particles is only mentioned as a problem for future investigations. 
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electron and some finite number of photons. To be able to add photons to vectors 
Tel ^ ffei describing one electron, we introduce asymptotic helds of photons via the 
LSZ prescription. For this purpose, let A G ^ be a suitable local operator and 
A{t,x) := U{t, x)AU{t, x)* its spacetime translations. Moreover, let / be a solution 
of the wave equation with compactly supported initial data, i.e. 

nt,x) = (27r)-3-'=ydye‘>”(e-‘l»l'/p(p) +e‘l>’l7„(p)), (1.3) 

where fp{p) = fi{p) - i\p\f2ip), fn{p) = 7 i(p) + ^IpIMp), fij2 e de¬ 

termine the positive and negative energy parts of /. The asymptotic photon held 
approximants, given by 

_ 1 ^t+ln * ^ 

-4* := — y dt' J d^xA{t',x)f{t',x), (1.4) 

hnally, give rise to the asymptotic helds via 

:= lim Af (1.5) 

t—>-oo 

We shall show that these helds exist as strong limits on the domain C of vectors 
of polynomially bounded energy and leave this domain invariant. The hrst step of the 
proof is inspired by [Bu82] . Namely, we decompose A^ into a hnite number of terms 
Aj 4, i = 1, ..., N , which are localized in causal complements of some hypercones Cj. 
Then, we use the hypercone localization property fll.2l) and the existence of asymptotic 
photon helds in the vacuum representation |Bu77] to obtain the limits A^'^* on some 
domains Di. Finally, we use the energy bounds |Bu90[lHel4.1j 

sup ||AA1 + .ff)~^|| < c)o, (1.6) 

t>i 

where H is the Hamiltonian in representation vr, to obtain the limits A°“* on a common 
domain Dfj on which they can be added up to A°^h (Cf. Figure [Tb|) . 

Given A°“'^ we dehne asymptotic creation and annihilation operators as follows 

:= j d^xA°'^\x)ri{x), A°"*-:= (A°“*+)*, (1.7) 

where the Fourier transform rj G C'“(M^) of r] is supported outside of the backward 
lightcone in energy-momentum space. Since x i-G- H°'^*(x) is a solution of the wave 
equation, this smearing operation restricts the energy transfer of A°“* to positive 
values. Summing up, vectors of the form 

;= A7*+...A°"*+Tel (1.8) 

are natural candidates for Compton scattering states describing n photons and one 
electron. 
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These states can now be used to construct the outgoing wave operator 

: r(f)ph) 0 ^ei ^ ii, 


(1.9) 


with r([)ph) being the symmetric Fock space over f)ph. maps any conhguration 

of one electron and n independent photons into the corresponding vector of the form 
(II.Sj) . However, to show that is well dehned and isometric, two ingredients are 
needed. Firstly, the asymptotic creation and annihilation operators must satisfy 
the standard canonical commutation relations. This can be shown by adapting results 
from |Bu77llBu82j to a new geometric situation. Secondly, single-electron states must 
play a role of vacua of the asymptotic photon helds, i.e. 

= 0 . ( 1 . 10 ) 

Our proof of this fact, which is the main new technical result of this paper, is outlined 
below in this introduction. This proof relies only on the Haag-Kastler postulates. In 
particular, the hypercone localization of vr is not needed to show (ll.lOp . 

To formalize the idea that single-electron states are vacua of the asymptotic photon 
helds, we construct the corresponding Haag-Kastler theory (21°’^*, U). More precisely, 
for any double cone O we dehne the corresponding local algebra 

:= { I It = {ItY for all f > 1, At e ^{O) for small t > 1 (1.11) 

This dehnition requires the self-adjointness of resulting from self-adjoint approx¬ 
imating sequences. We show this using the Nelson commutator theorem |R,S2] with 
the energy bounds fll.bp as an input. Results from |Fr77] . with the same input, yield 
Weyl relations for operators of the form With this information at hand and 

relation fll.lOp we verify that states of the form a;ei(-) := (Tei, -Tei), Tei G [)ei, 
||\hei|| = 1, induce vacuum representations of We point out that the im¬ 

provements of the energy bounds made in |Hel4.1j (lower powers of the resolvent of 
H than in |Bu90j ) are important for this part of our analysis. 

Outline of the proof of (ll.lOp . Let G 77 be the snbspace of vectors of bounded 
energy and B be almost local operator whose energy-momentum transfer is outside 
of the future lightcone (cf. Subsections 13.1113.2p . Next, we dehne auxiliary maps 
introduced in |DG14j by C. Gerard and one of the present authors, namely 

aB (1.12) 

(aB\h)(a;) = (1-13) 

It is not obvious that the range of is in 77 0 L^(M^), but it follows from |Bu90 
Lemma 2.2], restated as Lemma 13.31 below. It is easy to see that this map has the 
following property 

aBof{P) = f{P + D^)oaB, (1.14) 

where / is a bounded Borel function, P is the momentum operator, = —iV^, and 
we use the short-hand notation P -|- Dx := P 0 1l2(k 3) -f-1.^ 0 Dx- 
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Let {At{r]))*, t > 1, be the approximating sequence of the asymptotic annihilation 
operator and put 

Mv) = AAv) + Aniv), (1-15) 

where ^ 4 ,p/n involve the positive and negative energy parts of the wave packet fll.dp . 
For the positive energy part we have 

1 ^t+ln t 

-I ^t+ln t ^ 

= (1.16) 

where B := A*{rj), Um^^{k) = \/k‘^ + and the map {1^ ® (/p|) : B <8) H 

acts according to 

Ail® {U\)^ = j d^xf^{x)^{x). ( 1 - 1 '^) 

Now we are in position to apply the Mean Ergodic Theorem in ® which 

gives 


lim (At,p(77))*Tei = (1^ (g) (/p|)F({0})aBTei, (1.18) 

t^OO 7-1, I- 

where F is the spectral measure of H+\Dx\—i^mAP^dDx)- Since Lf, P, Dx commute, 
spectral calculus and covariance under Lorentz transformations can be used to show 
F({0}) = 0. The analysis of (y4i^n(^?))*fE'ei is analogous. 

Apart from verifying fll.lOp . the technique described above serves as a tool to 
simplify scattering theory of massless bosons in the vacuum sector. In particular, 
the proof of the fact that satisfy canonical commutation relations can now be 

accomplished via a Pohlmeyer argument, without referring to the quadratic decay 
of the vacuum correlations of local observables. Thus, with the a priori information 
from |Bu901lHel4.1] and the present paper, collision theory for massless bosons can 
be developed in a way completely parallel to the fermionic case jB^ . 

Since the argument above does not rely on strict locality, it may also be useful 
outside of the Haag-Kastler setting, e.g. in theories satisfying some kind of asymptotic 
abelianess in spacelike directions. For example, it should help to remove Assumption 4 
of |Hel4j and Assumption 3 of |DH15j . It might also hnd applications in scattering 
theory of quantum spin systems satisfying the Lieb-Robinson bounds |BDN14] . 

Discussion. Let us now turn to the status of the infrared problem in the Buchholz- 
Roberts setting of relativistic QED. It may seem that by an analogous construction 
as above one could obtain the incoming wave operator IF™ as well and dehne the 
scattering matrix S of the Compton scattering process in the usual way, namely by 
putting S = (IF°^*)*IF™. Unfortunately, the situation is less satisfactory than that. 
As far as we can see, the incoming wave operator IF“ is not available in a repre¬ 
sentation TT which is hypercone localized in a future lightcone. While the hypercone 
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localization property fll.2p allows us to establish the existence of the outgoing asymp¬ 
totic photon helds, as explained below formula fll.Sp . it is of no help for the incoming 
photon helds. This is due to the fact that the approximating sequences of the incom¬ 
ing asymptotic photon helds are localized in regions moving to inhnity in negative 
lightlike directions. Heuristically speaking, such regions inevitably collide with the 
highly huctuating background radiation, emitted in very distant past, which must be 
present in tt to prevent the existence of the hux (II.ip . It is therefore reasonable to 
expect that also the incoming asymptotic photon helds are blurred by this radiation 
as depicted in Figure [Tbl As a possible way out, one could consider a representation 
tt' hypercone localized in a backward lightcone in which by obvious modihcations of 
our discussion W™ exists but may not exist. However, the existence of the scat¬ 
tering matrix remains questionable, since there is no reason to expect that vr and tt' 
are unitarily equivalent. 

Like in the conventional approach, in the absence of the scattering matrix one may 
try to construct inclusive collision cross sections. This idea, implemented in AQFT 
by Buchholz, Porrmann and Stein |BPS91] . amounts in our situation to preparation 
of incoming states using asymptotic observables of the form 

Ct'.= J d^x h{x/t){B*B)(t, x) 

Here h G is supported on velocities of the desired particle and B is an almost- 

local observable whose energy-momentum transfer is outside of the future lightcone. 
Due to this latter property, which cannot be imposed on strictly local observables A 
appearing in the dehnition of asymptotic photon helds (II.4p . B is much less sensitive 
to the background radiation mentioned above. Thus, the tentative inclusive collision 
cross sections of the form 


(1.19) 


Mm (1.20) 

t^—oo 

are likely to exist. Although available methods allow to control such limits only in 
massive theories |DG14] . their extension to the case of sharp masses embedded in 
continuous spectrum is thinkable. Another strategy may be to consider limits fll.20p 
in the framework of algebraic perturbative QFT. As a matter of fact, fll.20p bears 
some similarity to expressions studied in the book of Steinmann [Stl formula (16.38)]. 

Summary. Our paper is organized as follows. In Section |2] we discuss Haag-Kastler 
nets and their representations. Section E] surveys various preliminary results, most 
of which concern the energy-momentum transfer of observables. In Section H] we in¬ 
troduce the asymptotic photon helds approximants. We collect their representation- 
independent properties, e.g. the uniform energy bounds fll.6p and the decomposition 
into creation/annihilation operators. In that section we also give the proof of rela¬ 
tion fll.lOp which is our main technical result. In Section Owe revisit scattering theory 
of photons in a vacuum representation. In Section Owe combine information from all 
the earlier sections to construct the outgoing wave operator of Compton scattering 
in a hypercone localized representation and show that it is isometric and Poincare 
covariant. In Section [7] we construct the Haag-Kastler net of asymptotic photon helds 
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in a hypercone localized representation and show that any single-electron state in¬ 
duces a vacuum representation of this net. More technical aspects of our discussion 
are postponed to the appendices. 

Acknowledgements. W.D. would like to thank D. Buchholz, M. Duell, C. Gerard, 
A. Pizzo and Y. Tanimoto for interesting discussions on topics related to this paper. 
Financial support from the Emmy Noether Programme of the DFG, within the grant 
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2 Framework 

2.1 Haag-Kastler nets 

Let M = be the Minkowski spacetime. We denote by K, the family of double 
cones O <Z M ordered by inclusion and write Oc for the causal complement of O in 
iwH. Furthermore, let V\ = xi SL(2, C) denote the covering group of the proper 
ortochronous Poincare group V^. Its elements A = {x, A) act on M via Xy = Ay -|- x, 
where A G C\ is the Lorentz transformation corresponding to A G SL{2, C). 

Definition 2.1. We say that K, 3 O ^ 21(0) C B{'H) is a Haag-Kastler net of von 
Neumann algebras if the following properties hold: 

(a) (Isotony) 2l((Pi) C 2i{02) for Oi <Z 02- 

(h) (Locality) [2t(C>i), 2t(C>2)] = 0 for Oi C C> 2 ,c- 

(cj (Covariance) There is a continuous unitary representation U ofV^ such that 
U{X)2l{0)U{Xy = 2i{XO) for A G pj. (2.1) 

(d) (Positivity of energy) The joint spectrum of the generators of translations, de¬ 
noted Sp {U ( is contained in the closed future lightcone V+. 

A Haag-Kastler net will be denoted by (21, U). 

Definition 2.2. We say that a Haag-Kastler net describes Wigner particles of mass 
m >0 if there is a subspace \) <zTi on which U{X), X G acts like a representation 
of mass m. 

Further useful dehnitions are as follows. For any region U <Z M we set 

Slice(W) := IJ 21(0) and 2t(W) := 2h//M"' (2-2) 

ocu 

In particular, we refer to 2tioc := 2lioc(Af) as the algebra of strictly local operators 
and to 21 := 2t(M) as the global algebra of the net. For the unitary representation of 

^Note the distinction between the causal complements in M and V, which is indicated by lower 
respectively upper indices. 




translations t/ f we shall write U{x) = qAHx°-Px) joint spectral measure 

of the energy-momentum operators {H, P) shall be denoted by E{-). For translated 
observables A G 21 the notations ax{A) := A{x) := U{x)AU{x)* are used. Moreover, 
we dehne 

2tioc,o := {A 6 2 I 10 C I X I—)■ A{x) smooth in norm}. (2.3) 

2.2 Representations 

Consider a Haag-Kastler net (21, f/) and let tt : 21 —)■ BiP.,,) be a (unital) represen¬ 
tation. We say that vr is (Poincare) covariant, if there exists a strongly continuous 
unitary representation of V\_ on such that 

U^{X)n{A)UM* = 7^{U{X)AU{Xy), /I e 21. (2.4) 

Moreover, we say that vr has positive energy if Sp (f4- \ 1^^) C 14+. It is easy to see 
that if TT is a covariant, positive energy representation, then, 

O ^ 21^(0) := 7r(2t(C>))" (2.5) 

is again a Haag-Kastler net which will be denoted (2l7r, Uy. 

Definition 2.3. If TT is an irreducible, covariant, positive energy representation and 
B-j, contains a unique (up to a phase) unit vector invariant under Ut^, then we say 
that 71 is a vacuum representation. 

In order to proceed to charged representations, we choose an open future lightcone 
V and denote for any region lA (Z V hy lA^ its causal complement in V. Next, we 
dehne a class of regions in V which are called hypercones in [BR,14] . We recall here 
briehy their dehnition referring to |BR14j for more details: Choose coordinates so 
that V = {a;GM^|xo> |a;|} and hx a hyperboloid H.f = { a; G K | Xq = } 

for some f > 0. Project through the origin onto the plane Xq = 1 so as to identify 
it with the open unit ball B C This projection is the Beltrami-Klein model of 
hyperbolic geometry. Consider the family of (truncated) pointed convex Euclidean 
cones K in B with elliptical bases. It gives rise to a Lorentz invariant family of 
hyperbolic cones C = C(K) in H.f. A hypercone C = C(K) is the causal completion of 
such C, i.e. C = C“, and the family of all hypercones as described above is denoted 
by Pv We recall that for K fl K' = 0 we have that C(K) and C(K') are spacelike 
separated. 

Definition 2.4. Let (21, U) be a Haag-Kastler net in a vacuum representation and let 
71 be a covariant positive energy representation. We say that vr is hypercone localized 
if for any future lightcone V and C G Pv there exists a unitary Wc : H —)■ H-k such 
that 

7r{A) = WcAWc for A G 2l(C"). (2.6) 

Remark 2.5. It is easy to see that the morphisms ac,M '■ 21 BifH) from \BR1J)) 
are irreducible, hypercone localized representations. 

Note that for any hypercone localized representation vr and any O ^ K, we have 
7r(2l((P)) = 7r(2l(C>))" and, therefore, 7r(2l) = 21^. It is also easy to see that any 
hypercone localized representation is faithful. 
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3 Preliminaries 

In this section we consider an arbitrary Haag-Kastler net (21, U). 


3.1 Almost local operators 

The following standard class of observables shall be of particular importance in Lemma 
stated below. 


Definition 3.1. An operator A G 21 zs called almost local if there exists a family of 
local observables Ar, localized in standard double cones Or of radius r centered at zero, 
and for any n eN there is a constant Cn such that 

\\A-A4<A, (3.1) 

Next, we dehne for any i? G 21 the smeared operators 



/ dz’x B{x)g{x) 
f d'^x B(x)g(x) 


for g G 

for g G sIr*). 


(3.2) 


Since local algebras are von Neumann, B{g) G 21. It is easy to see that for B G 2tioc 
the operators B{g), as dehned above, are almost local. 


3.2 Arveson spectrum 

Definition 3.2. For B G 21 we define the Arveson spectrum of B as the support of the 
Fourier transform ofR^ 3 x ^ B{x), understood as an operator valued distribution. 
That is, 


Spstt := IJ supp(T,S(-)<h). (3.3) 

This concept is useful due to the energy-momentum transfer relation which gives |Ar82j 

BE{A)H C E(A + SpBa)n (3.4) 

for any Borel set A C For future reference, we also note the simple fact that 

Sps(g)tt C supp^, g G S'(M^), (3.5) 

which allows to construct almost local observables whose Arveson spectrum is con¬ 
tained in a prescribed set. We refer to Appendix [E] for our conventions concerning 
the Fourier transform. 
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3.3 Energy bounds 

In this subsection we recall results from |Bn9n] and |Hel4.1] which are important for 
our analysis. They are proven by combination of the energy-momentum relation f|3.4p 
and almost locality. 

The following lemma enters into the proof of Proposition 13.51 stated below which 
is then used to obtain our main technical result, namely Theorem 14.61 

Lemma 3.3. |Bu90] Let B E Qi be almost local and such that Sp^a is a compact 

set which does not intersect with V+. Then, for any compact A C there exists a 
constant ca such that for any compact K C 


\\E{A) [ d^x{B*B){x)E{A)\\ <ca. (3.6) 

Jk 

Next, we state a result which is at the basis of Proposition 14.21 stated below, giving 
information about the domains of asymptotic helds. 


Proposition 3.4. 

timelike vector, i.e. 


|Bn9nllHel4.1] Let A G 2tioc,o and n EMf" he a unit future oriented 


no 


= \/r+~n^. Then, for any g G 


\\A{{nf,df'fg){l + H) ^|| <c sup \\d^o9h, (3.7) 

i=0,l 


where the constant c is independent of g. 

First bounds of this type were proven in |Bu90j . The above variant can be inferred 
from |Hel4.1j as follows. Starting with Theorem 4 of this reference, one can replace op¬ 
erators A^{p) := e“^^^/^6*(±p°)|p°|^A(p) with A^’”(p) := e“'^""/^6'(±n^p^)|n^p^|^A(p), 
where k > 0 and n is chosen as in Proposition 13.41 Then, formula (20) of |Hel4.1] 
gives fl3.7p . This coordinate frame independence was actually noticed and used in the 
proof of Theorem 5 (ii) of |Hel4.1] . 


3.4 Auxiliary maps as 

In this subsection we recall some concepts and facts from |DG14] . For any i? G 21 we 
have the continuous map as '-TL^ S"(M^;'H) given by 

= B{x)'^, X G (3.8) 

Its dual a*Q : S'(M^; "H) —)■ "H is given by 

= j d^xB*{x)<!>{x). (3.9) 

We identify S"(M^; TL) = 7705" (M^) and dehne for g G 5(M^) the functionals (l-^^^l) : 

S'{R^;n) ^nhj 

= J d^xg{x)'^{x). (3.10) 
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Their adjoints are denoted by (1^ (8) For future reference, we note the identities 


= (3.11) 

B*{g) = alo{lu®\g)). (3.12) 

For B as in Lemma [3.31 the maps qb have the following useful properties. 

Proposition 3.5. IDGl^^ Let B he almost local and such that Sp^o is a compact 
set which does not intersect with V+. Furthermore, let A C 6e compact. Then: 

(a) aBE{A) L^(M^) is bounded. 

(h) aBE{A) o /(P) = /(P + P,,) o aBE{A) for any f e L^{R^). 


Here we set = —iVo, and use the shorthand notation P + Dx for P 
In ® Dx. 

Proof, (a) follows from the identity 

P(A)a^ oaBP(A) = P(A) j d^x {B*B){x)E{A) 

and Lemma [3.31 To verify (b), one hrst checks that 

aBE(^) o e-**'” = o aBE(A). 


1l2(E3, + 


(3.13) 


(3.14) 


Then, the fact follows from properties of the Fourier transform and approximating 
arguments. □ 

In view of Proposition 13.51 for any compact A the identity 

B{g)E{A) = {In® {g\) o aBE{A) (3.15) 

extends by continuity to G L‘^{Mf). 


3.5 Action of Lorentz transformations on a sphere 

We conclude this preliminary section with a brief consideration about Lorentz trans¬ 
formations which will be used to show Poincare covariance of our constructions. 

Given A G £+, we divide the expression (Ax)^ = A^^^x'" into its time and space 
parts, i.e. 

(Ax)° = {v/f)x^ + vj^x, (3.16) 

(Ax)' = -u\_ix° + [Aj'^.a;^', (3.17) 

where we set v\ := AT, [A]*^- := A*^-, i,j = 1,2,3. Note that v\_i = —A*q and 
A% = ^/l + I'TaP =: Now let S'^ = {n G I |n| = 1} be the unit sphere. For 

n G we get 


^(li^) = (("^^a) + r;An)(l,5(A(n)), 
-h [A]n 


(3.18) 









since A(l, n) is a lightlike vector. Here g\ : ^ is a family of diffeomorphisms of 

which in fact forms a representation of C\, i.e. 5 'AiA 2 = QAi ° 5 'A 2 - It is, moreover, 
continuous in the following sense 


lim Ilfi-A - fi-rlloo = 0. 

A^I 


(3.20) 


Finally, we recall that by using the multiplication rules of the Poincare group, 
the spectrum condition and the Stone theorem one obtains invariance of the domain 
of any positive power of the Hamiltonian D{H'^) under the action of f/(A),A G 
Setting P := (if, P), the standard relation follows 

u(A)p^^u(Ky = {A-yypy ( 3 . 21 ) 

in the sense of operators on D{Hy. With the above dehnitions, we obtain on D{Hy 

U{A)HU{Ay = {vA-yP + va-iP, (3.22) 

U{A)PU{Ay = -vaH + [A“^]P. (3.23) 

Denoting by Pph the projection on the single-photon subspace [)ph, it further follows 
for any / G P°°(S'^) that 


U{A)f 


P\ 


f/(A)*Pph = (/o^^_0 


ill) ^Ph- 


(3.24) 


4 Asymptotic photon fields 

In this section the pair (21, U) still refers to an arbitrary Haag-Kastler net. 

4.1 Spherical means 

For further purposes we introduce the following Poincare invariant subset of S'(M^) 

SyRy := {{n^dy^g\ge S{Ry, no = a/TT^}, (4.1) 

as well as certain Poincare invariant subsets of 21, namely 

2 I 5 . := { B{g) I B G 2lioc.o, 9 e S^R^ }, (4.2) 

21^* :=Span2t5*, (4.3) 

where Span denotes hnite linear combinations. For any A G 21“^*, / G C°°{Sy, we set 
as in |Bu82] 


A{/}:=-2t / du{n) f{n)doA{t,tn). 


(4.4) 


Here du{n) = jg normalized, invariant measure on S'^ and do A := 


ds^'^^^Ae ‘^''^)|s=o- In order to improve the convergence in the limit of large f, we 
proceed to time averages of At{f}, namely 


A{/} := / dt'ht{t') At'if}, 


(4.5) 
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where for non-negative h G supported in the interval [—1,1] and normalized 

so that / dt hit) = 1, we set htit') = — t)) with t > 1 and 0 < e < 1. 

For the discussion of asymptotic creation and annihilation operators in Subsec- 
tion l4.4l we need in fl4.ip . rather than just from the energy bound fl3.7p . 

For the same purpose, it is important to use Schwartz class functions in f|4.ip . Since 
strict locality plays a crucial role in the later part of this paper, we also dehne the 


following sets 

a(M") := {{n^d>^)^g\ge no = VlT^} C (4.6) 

:= { B{g) \ B G 2tioc,o, 9 e ^(M") } C Qls, H 2tioc,o, (4.7) 

;= SpanSlc., (4.8) 

2tc,(C)) ;=2lc* n2l(C>), 2l^‘(C>) n2t(C>), O G/C. (4.9) 


The linear structure of and SI'"* will be important in Section 0 

4.2 Fourier space representation 

Given A G a convenient representation for At{f} can be found, which will be 
frequently used in the remaining part of this section and in the proof of Lemma 15.11 
below. This representation is stated in the following lemma. 

Lemma 4.1. Let A G ‘^s», he. A = B{g), where B G 2lioc,o g G S'*(M^). Then, 

A{/} = {dQB){g *3 ft){t), where ft{x) := “ l®l) / > (4-10) 

where *3 is defined in AppendixlM. Moreover, the Fourier transform of g *3 ft G S'(M^) 
has the following form 

(TT/iXp) =f^ ([/ [^) 8““'"' - / ([-^]) e*""' + , 

(4.11) 

where F is a hounded measurable function depending on f. (In particular, F = 0 if 
f = const, j 

Proof. The equality At{f} = doB{g *3 /t)(t), with fi given by fl4.10p . is straightfor¬ 
ward to check. Since {g *3 ft){p) = ( 2 vr)^/^^(p)/t(p), it remains to compute 

7,(p) = (2r)-3/G Ae-'P'/Xa:) 

= . f d^xe-‘’”’fiI-S(t-\x\)f (A] 

J 47r |a:| vl®l/ 

= (5^/-i-W(4-12) 

A coordinate independent treatment of Fourier transforms on the sphere can be found 
in [DH15j . We give here an elementary coordinate dependent computation. To this 
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end, we choose a measurable family of rotations p Rp E SO (3) such that RpB^ = 
p/\p\: where 63 = ( 0 , 0 , 1 ) in the reference system in which du{n) = _ We 

obtain 


ft{p) = 


-t 


r-27r 


(2 x)V2 

-1 

(27r)®/2i|p| 


dip / dz/sini/e-^'IPl“"V(^p^(</2,z/)) 


r-27r 


dv? / dz//(/?pn(v7,z/))a^e-^‘IPl“"^ (4.13) 


Finally, integrating by parts and noting that n{ip, 0) = 63 , n{ip, vr) = — 63 , we arrive at 


ft{p) 


-1 


f27r 


(27r)®/2i|p| 


dip [f{Rpn{ip, 7 r))e^^lPl - f{Rpn{ip, 0 ))e 


r-27r 


(27r)®/^i|p 

-(27r) 


(27r)®/2i|p| 

1 


/ 


dip / dz/a,/(i?pn((^,z/))e-‘*IPl“^" 


1 pi4p| — f ( —1 p-i*lpl 


IPl 


\P\ 


r-27r 


(27r)®/2i|p| 7o 
This completes the proof. 


dip / dz/a^/(i?pn((p,z/))e-‘*IPl“^F 


(4.14) 

□ 


4.3 Uniform energy bounds 

This subsection is concerned with uniform bounds on t i-E- At{f}. The following result 
holds. 

Proposition 4.2. Let A G 215 ^, i.e. A = B{{npdA^ q'), B G 2lioc,o g' G S'(M'^). 
Then, 

sup ||A{/}(1 + Tf)"i < csup |||p|"^a^((npP^)V)l |2 < 00 . (4.15) 

iG[l,oo) ^=0,1 

The constant c above is independent of g'. 

Proof. By Lemma ST] we have that At{f} = {doB){g *3 ft){t), where g = {n^dA^g' 
and g' G S'(M^). Therefore, g = (UpdA^ig' *3 ft), with g' *3 ft G S'(M^). Thus, 
Proposition 13.41 yields 

\\At{f}A + B)~^\\ < c sup ||a^((npp^)^(^' *3 ft)) II 2 , (4.16) 

£= 0,1 

where c is independent of t. Now by formula (14.111) we have 

< c' |p|"^|a^((upp^) V(p)) I, (4.17) 

where c' is independent of p, t and g'. This completes the proof. □ 


*3ft){p) 
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In the following we shall be interested in the convergence of At{f}, A G 21'^*, to 
a limit A°'^^{f} as f —)■ oo. To start with, we dehne y4°“*{/} as an operator on the 
domain 


Dmi^AA, f) := {'^ en] := lim At{f}'^ exists}. (4.18) 

t^OO 

(For / = 1 we will abbreviate D^^AA, f) by Zlmax(^))- Note that Zlmax(^,/) may 
depend on A, f, may not be Poincare invariant and a priori may even be trivial. 
Another domain we shall be interested in is 

Dh:=[]D{HA, (4.19) 

n>l 

where D{HA is the domain of self-adjointness of the ?7,-th power of the Hamiltonian H. 
It is easy to see that Dh is dense and Poincare invariant. The next result can be 
inferred from Proposition 14.21 and the discussion in Appendix [Bl 

Proposition 4.3. Let i = and suppose that the domains D^^^AAi, fi) and 

DmnAAA fi) dense. Then, we have 

(a) Dh C Dm^AAi,fi),DH C DraUAlfi), 

(b) Ahl'^Afi]DH C Dh, 

(c) Al'^Afi} ■ • • ATifn}'^ = limi^oo A,Afi} ■ • • AnAfn}'^ for 

The operators ( Dh are closable and uniquely determined by the values of 

ArAfi} on any dense subspace of D^^AAu fi) ■ 

4.4 Asymptotic creation/annihilation operators 

Another consequence of the uniform bounds is the existence of asymptotic creation 
and annihilation operators under the assumptions of Proposition 14.31 In fact a similar 
observation was made in |DH15] . 

To construct these operators we proceed as follows. Let 9 G C'°°(M), 0 < 0 < 1, 
be supported in (0, oo) and equal to one on (l,oo). Moreover, let fd G C'^(M^), 
0 < /9 < 1, be equal to one in some neighbourhood of zero and satisfy (d{—p) = (d{p). 
Furthermore, for a parameter 1 < r < oo and a future oriented timelike unit vector n 
we dehne 


V±,r(p) ■■= 9(±r(n^p'^))/d(r V)- (4-20) 

As r —)■ oo these functions approximate the characteristic functions of the posi¬ 
tive/negative energy half planes {p G | ± n^p^ > 0 }. We also have f]±^r = VT,r- 
Note that the family of functions p±,r, as specihed above, is invariant under Lorentz 
transformations. 

Proposition 4.4. Let A G 215 ^, / G C^(SA- Suppose that D^,,AA, f), D^^^A* , f) 
are dense and the timelike unit vectors n entering the definition of A and of r}±^r 
coincide. Then: 
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(a) The limits := limr_j,oo^ ^ Dh, exist and define 

the creation and annihilation parts o/A°“*{/} as operators on Dh- 
do not depend on the choice of functions 9 and (3 in Ii4-^(J\ ) within the specified 
restrictions. 


(b) (y4°“*{/}^)* f Dh = In particular, A°'^^{f}^ are closable operators. 

(c) C Dh. 


(d) on Dh- 

Remark 4.5. The proposition can be generalized to A ^ 21'^* as follows. Consider a 
decomposition A = Yli=i ^ ond assume that -D ma ^fA;, /) and D^s.x{A*, /) 

are dense. Define := X]i=i on Dh- Then it is easy to see that 

^out{j}± properties (b),(c) and (d) of the proposition. 

Proof, (a) Making use of Propositions 14.21 and 14.31 we compute for 1 < ri < r2 and 
4/ G Dh, that 


||^°“*{/}(h±,ri -h±,r2)^|| = lim ||A{/}(??±,ri 

t^OO 

< csup \\\p\-^do{{n^pf^Y{rj±^r, - V±,r2)ip)9')h 
£= 0,1 

<csup [ dr\\\p\~^d^o{{n^p>^f{drfi±,r){p)g')h, (4.21) 

£= 0,1 Jri 

where g' G S'(M^) is dehned as in Proposition 14.21 and the functions of p appearing 
in fl4.2ip are to be understood as multiplication operators acting on g'. Using the 
fact that 36 is compactly supported, and therefore < cr~^ when multiplied by 

96'(±r(?7,^p^)), it is easy to check that 

\dl{{n^p>^fdr?i±,r{p)) I < ^(1 + bl^), ^ = 0,1, (4.22) 

for c independent of p and r. This completes the proof of convergence. Independence 
of the choice of the functions 9 and (3 is shown by a similar computation. 

(b) We note that for <l>, 4/ G Dh 

= hm(<l>,kl-H/}(h±,r)4^) 

r—>-oo 

= hm 4/) = 4/). (4.23) 

r—>-oo 


(c) It suffices to set At := At{f}{p±^r) in formula fIB.Sp and take hrst the limit 
t —)■ oo and then r —)■ oo. 

(d) We choose a function 7 G C'^(M), 0 < 7 < 1, such that 


9{-k) +-f{k) + 9{k) = 1, keR, (4.24) 

and set firip) ■= 'lr{,'e{n^p^))(3{r~^p). Since 7 is compactly supported, we have for 
T G 

I|41°"H/}(a) 4'|| < csup \\\p\~^dl^{{n^p>^frjr{p)9')\\2 < cV"h (4.25) 

£=0,1 

Hence, lim^^oo ^°“*{/}(hr)4' = 0, which completes the proof. □ 
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4.5 Asymptotic vacuum structure 

In this subsection we state and prove our main technical result which is Theorem 14.61 
below. This theorem will be useful in the proof of the tensor product structure of scat¬ 
tering states in the vacuum representation (part (a)) and in charged representations 
(part (b)). 

Theorem 4.6. Let rj G S'(M^) he such that rj is supported outside ofV+. Let A 6 
and f e Then, /orT G E{Hm)'Hr\DH and Hm = { p G | = ^yp‘^ + m? }, 

we have: 

(a) For m = 0, limt^oo(l - E{{0}))At{f}{r])^ = 0. 

(b) Form > 0, lim^^oo A{/}(?7)^ = 0. 

Proof. To begin with, we assume that rj is compactly supported and T = EjA)'^ for 
some compact A. Making use of Lemma 14.11 we have At{f}{ri) = (clo-B(p))(fi'*3/t)(^), 
where 

{g *3 mx) = (27r)-2 dfi{u) j d^p Up) e-'P"e-“^ (4.26) 

Here dfiju) := du+5{u)du+5{u — Ti)du, (p, u) i—)■ fu{p) is absolutely integrable, smooth 
in p° and 

sup iWfuh + \\dofuh) < oo. (4.27) 

We set B' := doBjr]) and note that it is almost local and Sp^/O is a compact set 
outside of 17+. Setting Up) := /i/(p)e“^“® we have 


A{/}(p)^= j dt'hU)WB\g 

= f d/i(z/) [ dThi(T)e'*'^H'(/5)e-‘*'"^"*(^)T. 


(4.28) 


Now we put B'o{x) := B'{x^,x), flU^) := /*(x°,a3) and Uo{x) := fU^^x). 
Making use of fl3.1ip and Proposition 13.51 we obtain 

= j dx^ £dfiU j 

= J dx^ J dpUiln (8) ° j dt' o 

(4.29) 

By means of the Dominated Convergence Theorem, the bound fl4.27p and the Mean 
Ergodic Theorem (Theorem lA.ip we obtain 

\im Atifjip)'^ = [ dx° [ dp{u){ln® Bs{{0})oaB'U^ ( 4 - 30 ) 

t—^OO I I n ^ 
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where Fs is the spectral measure of the operator S := H — cos I'lDxl — 0Jm{P + D^) 
on To determine F^dO}), we diagonalize with the help of the Fourier 

transform. We further note that ||5'<F|p = 0, for some $ = ^ 

implies that = 0 for almost all ^ w.r.t. the Lebesgue measure!, where 

S^-.= H+\$,\-u{P + $,). (4.31) 

Suppose now that m = 0. Then, Proposition IA.2I gives that G RanF({0}) for 
^ = 0 or z/ = TT and = 0 otherwise. Since ^ = 0 is of zero Lebesgue measure, only 
u = 71 contributes and we obtain 

lim At{f}{r,)^ = f dx"(B({0}) 0 (7„„|) o = E({0})B'(/,)<I>. (4.32) 

For m > 0 a similar and simpler reasoning gives that the above limit is zero. 

It remains to relax the additional assumptions made at the beginning of the proof. 
Let, therefore, rj and T be specified as in the theorem. Then, by spectral calculus. 
Proposition 14.21 and the fact that 4/ G Djj, we have 

MfKv)^ = E{Aji)A{f}{v)E{An)^ + 0(F-^), (4.33) 

where A^ := { p E V ^ \ < R} and 0{R~^) denotes a term whose norm is bounded 

by Cjsf/R^, with independent of t. Making now use of the energy-momentum 
transfer relation fl3.4p . we can replace r] in fl4.33p by p' such that rj' is compactly 
supported outside of the future lightcone. Thus, we have 


A{/}(h)^ = E{An)At{f}{p')E{An)^> + 0(F-^). (4.34) 

By means of formula fl4.34p we conclude the proof. □ 

Corollary 4.7. Let A G 2I5, and f G C°°{S'^). Suppose further that D m^^ jA, f) and 
Dmax{A*, /) are dense. Then, for 4/ G E{Hm)R H Dh, we have: 

(a) For m = 0, (1 — F({0}))24°“*{/}”^ = 0- 

(b) Form > 0, = 0. 

Remark 4.8. The result immediately generalizes to A E ‘tA*, cf. Remark\4.5[ 


5 Scattering of photons in the vacuum sector 

In this section we consider a Haag-Kastler net (21, U) in a vacuum representation con¬ 
taining massless Wigner particles (‘photons’). We collect here some basic facts about 
asymptotic helds of photons in a vacuum representation, which will be needed in our 
discussion of charged representations in Section [6l These results were hrst established 
in |Bu77j and recently revisited in |DH15j . were simpler proofs, exploiting energy 
bounds, were given. In another recent work asymptotic helds were constructed for all 


^See [Tal Section IV.7] for definition and basic properties of ElR-jV.) for non-separable H. 
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A G 2lioc,o |Tal4j . but we will not explore this direction here and content ourselves 
with A G 21*"*. Instead, we take the opportunity to indicate another simplification. 
Namely, in the analysis of commutators of asymptotic fields in Proposition 15.71 below, 
the clustering estimates from [Bu77tlDH15] can be avoided due to Theorem 14.61 
Since the approximating sequences At{f} we use are different than in |Bu77|. 
IDH15] . we give rather complete proofs. We start our discussion with the following 
standard lemma. 

Lemma 5.1. Let A G 21'"* and f G Then, 

}^Mm = Pp^f (^) ( 5 . 1 ) 

where Pph is the projection onto the subspace of massless one-particle states t)ph. Vec¬ 
tors on the right-hand side of span a dense, Poincare invariant subspace Pph 
in llph- (The subspace C Pph, spanned by vectors with f = 1, is also dense and 
Poincare invariant). 

Proof. It suffices to prove the lemma for A G 2tc^ and then extend by linearity. By 
Lemma ITTl we have At{f} = doB{g *3 ft){t), B G 2lc* and g G Thus, we 

have 

Aim = doB{g *3 ft)m = {2m^^{^t){P)doBn. (5.2) 

Making now use of formula fl4.1ip . Theorem I A. II and Proposition IA.2I (a), we obtain 

lim At{f}Q= lim(27r)^ [ dt' ht{tm'^{g *3 ft'){P)doBQ 
t^OO t^OO J 

= (2vr)2p(aF+)|^/(^) iHBn 

= (27r)2Pph^(P)/ PP 

= Pph/ (^) AP. (5.3) 

Here we used that HBfl is in the domain of |P|~^, as one can show using the JLD 
method |Bu77i p.l49]. We also exploited that HBQ is orthogonal to the vacuum and 
thus E{dVA can be replaced with Pph. 

Poincare invariance of Pph follows from the relation 

lim P(A)Ht{/}P = Pph(/ 051 ^- 1 ) HaP = lim Ha, i{/o 51^-1 }P, (5.4) 

>00 VI 1 / t^oo 

where Ha := U{X)AU{X)* G and fl3.24p was taken into account. 

To show density, we exploit the cyclicity of the vacuum under 21 and the fact that 
with functions 'g, where g G ^^(M"^), one can approximate pointwise the characteristic 
function of □ 

Next, denote by P+ the future tangent of a double cone O, i.e. the cone of all 
points that have a positive timelike separation from O. Following the arguments 
of |Bu77] . based on the Huygens principle, we have: 
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Lemma 5.2. Let A G 21*"* (C>) and f G C°°(S'^). Then, the limit 

= lim Mm (5.5) 

t^OO 

exists for ^ m t/ie dense domain D{0) := { 1 B G 2tioc(C^+) }■ Moreover, 

depends only on the single-particle state 74°“*{/}f2 within the above restrictions. 

Proof. Let A be localized in O and supp / be contained in the set 0 C S'^. Then, 
by construction, At{f} is localized in the region 

0,:= U {0 + T(l,e)}. (5.6) 

rGt+t^supph 

Clearly, for sufficiently large t the region Ot is spacelike separated from any given 
double cone Oi in 0+. Thus, it follows from Lemma l5.ll and the locality property 
that for all B G 2lioc(C>+), 

lim At{f}Bn = lim = 5Pph/ Afi, (5.7) 

t^oo i—>-00 \l 1/ 

dehning on the domain D{0). This domain is dense as shown in [Bu75] . 

It is manifest from the above discussion that given A't{f'}, where A' G 
and /' G A°^^{f}Vt = A'°'^^{f}n we have } as 

operators on D{0). □ 

In view of Lemmas 15.11 and 15.21 and Proposition 14.21 we obtain the following result. 
Proposition 5.3. Let A, Ai G 21*"* and /, fi G i = 1,... ,n. Then: 

(a) For any T G Dh the limit lim 4 _,.oo A{/}\h exists and defines a closable operator 

^out{j} j. jj^ operator is uniquely determined by the vector A°'^^{f}fl. 

(b) C Dh. 

(c) Tir{/i} • • • {/n}^ = linii^oo AMfi} ■ • • for ^eDh. 

The next lemma settles the transformation rules of the asymptotic helds under 
the Poincare transformations. 

Lemma 5.4. Let A G 21'"* (C>) and f G C°°{S‘^). For any A G V\ we have on Dh 

U{m'^^{f}U{\y = ATifogm, (5.8) 

where A\ := U{X)AU{X)* G 2l‘"*(AC>) and g\ was defined in ^3.19\) . 

Proof. Recall that D{0) := {BD\B G 2lioc(C^+) } and note the relation D{0) = 
U{X)*D{XO). By formula fl5.4p and Lemma l5^ we obtain that relation fl5.8l) holds 
on D{XO). Next, we choose d*, T G Dh and G D{XO) such that HT — II < 1/n. 
Then, making use of the fact that U{X)*Dh C Dh and the observation that <I> is in 
the intersection of domains of {U{X)A°'^^{f}U{X)*)* and A°y^{f o have 

MU{X)A^'^yf}U{X)M = (<I>,Air{/o(7A-i}T) + 0(l/n). (5.9) 
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Keeping $ and ^ fixed, we can take the limit n —)■ cxo and drop the error term. The 
claim follows from the resulting relation. □ 

Now we analyse commutators of asymptotic helds. We proceed similarly as in the 
case of massless fermions |Bn75] . Till the end of this section A,A\Ai G 21^* and 
/, /', fi G unless stated otherwise. 

Lemma 5.5. Let A G 21*"* (C>). Then, for all B G 2lioc(C^+) 

[A°'^^{f},B]=0. (5.10) 

Moreover, if A' G 01^* (O'), then 

[ki-H/},^'°"Hn(^)] = o (5.11) 

provided that O' + x d C>+. Both equalities hold in the sense of quadratic forms on 
Dh X Dh- 

Proof. In view of Proposition 15.31 we can write for any T, $ G 

(T, [A°'^^{f},B]^) = lim(vl/, [A{f},B]^) = 0, (5.12) 

£—>•00 

since the commutator vanishes for sufficiently large t. By approximating 

(T, [A^'^^{f},AAf}Am, (5.13) 

£—>•00 

and noting that A't{f'}{x) is localized in 0 + for sufficiently large t, we obtain rela¬ 
tion fl5.1ip from fl5.inp □ 

Lemma 5.6. x i—)■ A°“*{/}(a;) is a solution of the wave equation. That is, 

□x7l°"*{/}(a^)^ = 0 for T G Dh- (5.14) 

Proof. It follows immediately from Lemma [5.11 that □3;74°“*{/}(a;)fl = 0. Hence, by 
Proposition 15.31 la). □ 3 ;H°“*{/}(a;)\l' = 0 for any T G Dh- □ 

Proposition 5.7. Let A°^^{f}, A'°^^{f'} be two asymptotic fields as specified above. 
Then, 

[H-H/}, A'^'^^{f'}]Q)ln (5.15) 

as operators on Dh. 

Proof. First, we use a method of Pohlmeyer |Po69j (applied also in the collision 
theory of massless fermions |Bu75] i to show that 

= cfl, cgC. (5.16) 

To this end, we take any vector $ such that <F = i?(iF$)<F for a compact set in 
the interior of the future light cone and consider the function 

F{x,y) = ($, (5.17) 
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Making use of Lemma [5.61 and the energy-momentum transfer relation fl3.4p . we get 
that the support of the Fourier transform of F is contained in the compact set 

{p,g e = |p|^ ql = |q|^p + g e K^}. (5.18) 

Therefore, F is an entire analytic function and since it vanishes on an open subset of 
by Lemma [5.51 it vanishes everywhere. Hence, 

}]^ = cH + Tph, (5.19) 

where Tph G t)ph. Thus to prove (I5.16p it remains to show that Tph = 0 0. For this 
purpose, we choose $ 1 , $2 G t)ph H Dh and compute by means of Proposition 14.41 and 
Corollary 14.71 that 

($ 1 , = (<^>1, + ($1, 71-H/}-<^>2) = 0. (5.20) 

Given fl5.16p . we complete the proof of the proposition as follows. Let O he a 
double cone such that A, N C Then, for any B G 2lioc(C>+) and T G Dh 

(T, = hm(T, [A{f},A[{f}]BQ) 

r—>-oo 

r—)-oo 

={^,Bn){n, }]^), (5.21) 

where in the hrst step Proposition 15.3h c) and in the second step the localization prop¬ 
erties of the approximating sequences entered. Equation fl5.2ip extends by continuity 
from D{0+) to Dh, since T is in the domain of ([H°"*{/}, H'°"*{/'}])*. □ 

With the above proposition we have all the necessary ingredients for our discussion 
of Compton scattering in Section |6l For the sake of completeness, however, we indicate 
below the construction of scattering states of photons in the vacuum sector. To this 
end, it suffices to consider functions / G which are identically equal to one, 

in which case we simply write for 

From Proposition 15.71 we immediately obtain the canonical commutation relations 
for the asymptotic creation and annihilation operators, namely 

= 0. (5.22) 

Recall that by Proposition 14.41 (c) we have A°'^^~^Dh C Dh- Hence, scattering states 
may be constructed in a standard manner. Parts (a) and (b) of the following theorem 
are a direct consequence of fl5.22p and part (c) is proven analogously as Theorem ib. 71 (c) 
stated below. 

Theorem 5.8. The states := have the following properties: 

(a) depends only on the single-particle states G Uph- Therefore, 

out out 

we put = $1 X • • • X <F„. 

^In collision theory of massless fermions 4'ph = 0 was automatic in the corresponding expression, 
since a bosonic operator cannot create a fermionic single-particle state from the vacuum [bFtH 
Lemma 4]. In the present bosonic case we can conclude using Theorem 14.61 
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(b) ($1 X • • • X X • • • X $;,) = 5n,n' K,) ■ ■ ■ i^n, KJ^ ^here 6„ 

is the set of all permutations 0 / (1,..., n). 

(c) f/(A)(<l'i X • • • X $„) = (f/(A)$i) X • • • X ([/(A)$„), where A e 

6 Compton scattering in hypercone localized rep¬ 
resentations 

In this section we consider a Haag-Kastler net (21, U) in a vacuum representation, 
containing massless Wigner particles (‘photons’) and a representation tt which is hy¬ 
percone localized w.r.t. this vacuum and describes Wigner particles of mass m > 0 
(‘electrons’). For brevity we will write (^,17) for the resulting net (21,^,^"^) and 
fi := T-Lt,. We also set A := n{A) for A e 21 and denote by {H, P) the energy- 
momentum operators in the representation tt. 

Given A G and supp / C 0 C the asymptotic field approximants 

1 1 —)■ At{f} are localized in 

a:= U {O + r(l,0)}, f>l. (6.1) 

TGt-|-t^SUpp/l 

In the course of our analysis we will also consider t i-G- = (0, A) G P+, 

whose localization regions are 

C>f:= U {AO + T(l,9A(e))}, «>1. (6.2) 

rGi-ht^supph 

The following geometric lemma will be frequently used in the subsequent discussion. 
Its proof can be found in Appendix O 

Lemma 6.1. For any O E K, and any open 0 C such that Q G 3“^ there is a future 
lightcone V, a hypercone C C J-y and a neighbourhood N of unity in the Lorentz group 
such that 


AOt C of C t> 1, (6.3) 

for all A E N. 

Given Lemma 16.11 the existence of a certain family of asymptotic fields is easily 
obtained. The following result holds true. 

Lemma 6.2. Let A G / G and supp / C 0, with 0 as in Lemma lK7[ 

Then, the limit 

:= lim Mm, ^EDf, (6.4) 

t—>-oo 

exists. It defines a closable operator on which is uniguely determined by 24°'^*{/}r2. 
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Proof. Let O be the localization region of A and Ot be given by fib.ip . By Lemma I^TTl 
there exists a future lightcone V and C C J^v such that Ot C C^. Hence, by hypercone 
localization of tt, there is a unitary Wc such that for all t > 1 

At{f} = 7r{At{f}) = Wc{At{f})WA (6.5) 

Now by Proposition 15.31 the right-hand side converges on WcDh to an operator which 
is uniquely determined by Then, by Proposition 14.31 the left-hand side 

converges on to an operator which is uniquely determined by y4°“*{/}H. □ 

In the next proposition we eliminate the restriction on functions /. 

Proposition 6.3. Let A, Ai G and /, /* G Then: 

(a) For any T G D^j the limit hmi_j.oo Ai/jd' exists and defines a closable operator 

on Dfj which is uniquely specified by A°'^^{f}Q. 

(b) >"•{/}£>« c D^. 

(c) ir'H/i} ■ ■ ■ .4r{/44' = Lam ■ ■ ■ LAM'i m- i' e f*. 

Remark 6.4. It follows immediately from Proposition ^.^ (a) that x i—)■ 

4/ G Dfy, is a solution of the wave equation. 

Proof. In view of Lemma 16.21 and Proposition 14.31 we obtain the statement of the 
proposition for /, fi supported in proper open subsets of S‘^. To remove this restriction, 
we choose a partition of unity on consisting of f^ G j = 1,2, such that 

supp fj C 5^. Thus, we may write 

Mf] = ^ (6.6) 

i=i,2 

Now it is easy to see that A°^^{f} = limj^oo At{f} exists on and has the properties 
specihed in the proposition. The only property which requires an argument is the last 
statement in part (a). To verify it, suppose that H Then, we 

also have = A'°'^^{f'f^}Ll, since = Ppt^f{P/\P\)ALl. Therefore, 

by Lemma [6^ we have that A°'^^{ff^} = A°'^^{f' f^} on Dj^. Summation over j yields 
the claim. □ 

Next, we analyze the transformation rules of the asymptotic helds under Poincare 
transformations. Our result is as follows. 

Lemma 6.5. Let A G 21*^* (C>) and f G C°°{S'^). For any A G we have on Dfj 

t/(A)i“{/}C>(Ar = ir {/ ° 9A-.}, (6.7) 

where Ax := U{\)AU{X)* G and pa is given by hS.lfA) . 
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Proof. First, decompose / according to / = J2j=i 2 with G C'°°(S'^), supp C 
Qj and Qj as in Lemma f6.1l Next, choose N C SL{2,C) such that its image in the 
Lorentz group under the canonical covering map is contained in the neighbourhood N 
from Lemma [6N1 (We can hnd one N for both values of j). Now for any j Lemma EH] 


gives a future lightcone Vj and a hypercone Cj G Tvj such that 

uix)Mr}uixr G 2t(q), o g^.,} G 2i(q) (e.s) 

for all t > 1 and A = (0,A), A G iV. Thus, due to the Poincare covariance and 
hypercone localization, we have unitaries Wcj such that 

u(x)A,{f’}u{\r = Wc,{u{X)Mf}u{xr)w;., ( 6 . 9 ) 

°9 a-} = o (6.10) 

It follows from the above relations and Lemma 15.21 that 

Wc^D{xo) C u{X)d^^{A, f) n d^^aAx, f o (e.ii) 

Hence, both sides of 

= ir {/'■ ° ^ e We^DiXO) (6.12) 


are well dehned. To verify equality fl6.12p . we choose B G 2lioc(C>+), set Bx := 
U{X)BU{X)* and compute 

u{x)A°'^^{fAu{xywc^Bxn = lim u{x)At{fAu{xywc^Bxn 

t—>-oo 

= lim Wc^U{X)At{r}U{XyBxn 

t—>-oo 

= lim Wc^U{X)At{r}Bn 

t—xoo 

= lim WcjAx,t{r ogx,-i}Bx^ 

t—>-oo 

= Ayyr o g^-x}Wc^Bxn, ( 6 . 13 ) 

where in the second step we used fl6.9p . in the fourth step fl5.4p and in the last step 
fib.iop . Arguing as in the proof of Lemma [5.41 we conclude from fl6.12p that 

u{x)A'^'^yp}u{xy^ = Ayyp o t g (6.i4) 

Summing the above relation over j we obtain the claim for A = (0, A), A G A^. 

It remains to extend the result to arbitrary A G To this end, we hrst note 
that (16.7p holds trivially for A = (x,/). Now any element of V\. can be written 
as (x,/)(0,A), A G SL{2,C). Since SL{2,C) is connected, it is generated by any 
neighbourhood of the identity. □ 

Exploiting the hypercone localization and Proposition 15.71 we obtain that com¬ 
mutators of asymptotic helds are numbers. 
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(6.15) 


Proposition 6.6. Let ii, A 2 e and /i, /s G 

[ir{/i},^r{/2}] = [Ar{fi},Ar^{f2}mw 

as operators on Dpj. 

Proof. We decompose /* = fL * = I 52 , where // G C°°(S'^) are supported in 

sufficiently small subsets of S^. Thus, we have 

[Ai,t{fi},A2,t{f2}] = ^ 2 ,t{/ 2 ^}]- (6.16) 

ii j2 

We divide the set of indices into two subsets, namely 

S ■■={ (ji, j 2 ) I supp fl^ n supp fi^ ^ 0 }, (6.17) 

S' := { (ji, J 2 ) I supp /f n supp /f = 0 }. (6.18) 


If the partition is sufficiently hue, for any {ji,j 2 ) G S Lemma l 6 .ll gives a future 
lightcone and a hypercone ^ such that 

(6.19) 

for all t > 1. Thus, by the hypercone localization of vr there is a unitary such 

that 


lAuifh, Ltifh] = ( 6 . 20 ) 

Now for T E and <I) G Wj^j^Dn we have by Propositions 15.3115.71 and lOl that 

(T, [Anin, Arifrm = hm (t, >, A2,t{m]^) 

t^oo 


= lim {S-, w„j,lA,Af;'}, A 2 AfA}WU’S>) 

= {>i',4){ai2ir{/f}.-4r{/2*}in). (6.21) 


Since T is in the domain of i[Al'^^{f(^}, A'^'^^lf^'^}])*, the above equality extends to 
Finally, we consider ( 71 ,^ 2 ) G S'. In this case locality gives for sufficiently large t 

[A,,t{flA,kt{fiA] = o, ( 6 . 22 ) 

as one can see by a straightforward computation. This concludes the proof. □ 

After these preparations we proceed to the construction of scattering states of one 
electron and a finite number of photons i.e. Compton scattering. It suffices to con¬ 
sider / G C°°{S‘^) which are identically equal to one, in which case we write, as in 
the previous section, for A°“*{/}. Similarly as in the vacuum representation. 
Proposition 16.61 gives 

= 0. (6.23) 

Recalling that by Proposition l4.4h ci C scattering states are constructed 

in a straightforward manner. 
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Theorem 6.7. The states := ^ei ^ have the 

following properties: 

(a) depends only on the single-photon states := y4°"*f2 G -Dph and the single- 

^ out out out 

electron state ^ei G 'hei^D^. Therefore, we can write = <l>i x • • • x x ^ei- 

(b) Given as above, 

'P'”") = *1.) <*!• ■ ■ ■ <*"• (6-24) 

crGSn 


where &n is the set of all permutations of {1,... ,n). 


/V out out out out out out ^ —X 

(c) f/(A)(<l>i X • • • X X ^el) = (^(A)$i) X • • • X ([/(A)$„) X ([/(A)^el), A e p|. 

Proof. Parts (a) and (b) follow directly from fl6.23l) and Corollary 14.71 which gives 
A°“t-v]>gj = 0 for 4/ el £ tel G Dfy. To prove (c), it snffices to consider Ai G 
the general case follows by linearity (cf. Remark I4.5p . We nse Lemma 16.51 and the 
following compntation 


t/(A)Air(7+.n)...Air(7+.rJ^el 


Wd^Xj{p+^r^ 


3=^ 

. n 


i=i 

= in*(7+,n,A) • • • i°1(r7+,.„.A)t>(A)vPei. 


V^,rJ{Xu . . . , Xr,)U{X)Ar{xMTi^2) . . . ir (^n)d^el 
V+,rJ{xi ,... 17(A)4^ei 


(6.25) 


We note that p+^r,A{x) := ?7+^j,(A“^x) belongs to the class of functions dehned in fl4.20|) . 
Aj A G 21(7* cind the timelike unit vectors entering into the construction of p+,ri,A and 
Ai^x coincide (cf. Definitions fl4.20p and (14.911 ). It is easy to check that 


lim 

Vi^OO 


AfSiv+,n,A)n = u{\)Arn = t/(A)$, 


(6.26) 


where Thus, by taking the limits r* —)■ cxd on both sides of fl6.25p . we 

conclude the proof. □ 

Let r(f)ph) be the symmetric Fock space over f)ph and we denote by a*( •) and a( •) 
the corresponding creation and annihilation operators. Using Theorem 16.71 (a), (b), 
we define the outgoing wave operator of Compton scattering 

fu°“*(r(()ph)(8y^R:, (6.27) 


as the unique linear isometry, satisfying 

IU°"*(a*(<hi)... a*(<hn)A ® Tei) = (6.28) 

for = Ar^n G Dph. Setting t/ph(A) := r(17(A) ( [)ph) and 17ei(A) := 17(A) ( ^ei, we 
obtain from Theorem 16.71 (c) 

17(A) o = IU°“* o (17ph(A) ® f/ei(A)), A G P|, 

which amounts to the Poincare covariance of the wave operator. 


(6.29) 


















7 Haag-Kastler net of asymptotic photon fields 

In this section we construct a Haag-Kastler net of asymptotic photon helds in a hy¬ 
percone localized representation tt satisfying the properties specihed at the beginning 
of Section [6l We also show that single-electron states induce vacuum representations 
of this net. 

We start with the following technical lemma which summarizes and extends the 
information about the domains of the asymptotic helds. 

Lemma 7.1. Let A G be self-adjoint. Then: 

(a) D{H) C Zlmax(^) and \ D{H) is a symmetric operator uniquely determined 
by 

(b) < c||(l + ^ G D{H). 

(c) < c||(l + i7)i/2^||2, ^ G D{H). 

Moreover, i[H,A°'^^], defined as a quadratic form on D{H) x D{H), extends to a 
symmetric operator i[H, A°'^^]° on D{H) in the sense explained in Appendix [Pl This 
operator coincides with [■ D{H), AA> ■= i[H,A\ G . Thus, it satisfies 

properties (a),(b),(c) above. 

Proof. To prove (a), we note that for any T G D{H) and £ > 0 there exists & Dfj 
such that 11(1 + H){^ — <h£)|| < £. We write 

At = -h A(1 + + id)(T - $,) = At, + 0(e). (7.1) 

Here ||0(e)|| < ce uniformly in t due to the energy bounds from Proposition 14.21 
Now the existence of on D{H) follows from Proposition 16.31 (a) and the Cauchy 
criterion. It is also clear from the above argument that ( D{H) is uniquely 

determined by \ (That is, if y4°“*T = 0 for all T G then = 0 for 

all T G D{H)). Part (b) is a simple consequence of part (a) and Proposition 14.21 
To complete the proof of the lemma, we write for T G D{H) 

i ( (iPT, H^)) = lim (T, A^^^) = (^, (7-2) 

V / t—>oo 

Since the energy bounds give |AA(1 + -^)~^II — ^ and ||(1-|-7f)“^A^^II ^ c, uniformly 
in t, we obtain by interpolation (cf. |RS21 Appendix to IX.4]) 

11(1 + i7)-i/AA(l + ^)"^/^|| < c, (7.3) 

uniformly in t. This and the hrst equality in fl7.2p give part (c). The second equality 
in fl7.2p ensures that i[H, is dehned on D{H) and coincides on this domain with 

(^(l))out_ □ 

In the next lemma we collect the necessary information about the commutators of 
asymptotic helds. 
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Lemma 7.2. Let ^ 1,^2 G he self-adjoint. Then: 

(a) [y4°“*, 742 “*] = (fi, [^4°“*, as quadratic forms on D{H) x D{H). 

(b) (f2, [^4°“*, y42'^*]f2) = 0 if Ai,A 2 are localized in spacelike separated double cones. 

Proof. We set e > 0 and choose \l/j G D{H) and G Dpj, i = 1,2, such that 
11(1 + H){^i — *hj_e)|| < e: as in the proof of Lemma [7.1[ By taking the limit t —)■ 00 
in (17.111 . we obtain 


+ 0{e), 

where ||0(£)|| < ce. Thus, we get from Proposition 16.61 

(Ti, [ir, i-*]vi/2) = ($ 1 ,,, [ir, + o{e) 

= (fi, [7ir,7ir]^)(<^>i,s,$2,.)+o(£) 

= (44, [7ir,7ir]fi)(^i,^2)+o(£), 


(7.4) 


(7.5) 


where the rest term 10(e) | < ce changes from line to line. Since e was arbitrary, 
this completes the proof of part (a). Part (b) is a known consequence of the JLD 
representation (cf. jBn771 p.l60]). □ 

Making use of Lemmas 17.1117.21 and standard results about self-adjoint extensions of 
unbounded operators collected in Appendix (Dj (where we set A^ = 1 -|- iP), we obtain 
the following proposition. 

Proposition 7.3. LetAi,A 2 G be self-adjoint. Then Af^^ and are essentially 
self-adjoint on D{H) and their self-adjoint extensions are essentially self- 

adjoint on any core for H. Moreover, 




(7.6) 


Due to the previous results we are now in a positon to dehne the net of asymptotic 
photon helds. For any (P G /C we, thus, introduce the von Neumann algebra 

^out(^) _ I ^ ^ i* = A}". (7.7) 

Theorem 7.4. (21°'^*, f/) is a Haag-Kastler net in the sense of Deftnition \2. li 

Proof. Locality follows from Proposition 17.31 and Lemma 17^ (bl. To show covariance 
under Poincare transformations, we use Lemma [6.5( which gives on 


u{x)A°'^^u{\y = 


(7.8) 


Since is essentially self-adjoint on Djj, which, moreover, is a core for H, all its 
self-adjoint extensions must coincide. In particular, we obtain 

7/(A)i°"*’7/(A)* = (7.9) 

Isotony and positivity of energy are obvious. □ 

Next, we proceed to a discussion of representations of (^°'^*, U) induced by vector 
states from [)ei. 
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Lemma 7.5. Let A G he self-adjoint and 'Pei £ L)jj, ||^ei|| = 1- Then, 

(7.10) 

Proof. Consider the function f{s) := (\l/ei, e‘^^°''**\l/ei). Since \I/ei G is contained 
in the domain of we have by the Stone theorem 

(-i)aj(s) = (V&el, e'*^°"*i°"*-Vl/el) = (V&el, ,i) . (7.11) 

As A°'^^Dfj G Dj^, we can iterate. This gives in particular 

{-i)-d:f{s)\s=0 = (d/el, (i°“*)"vl>el). (7.12) 

Now we use Proposition 14.41 to decompose on while keeping 

in mind that A°'^^^Djj C Djj. Due to the canonical commutation relations fl6.23p . 
the fact that = 0 fCorollary 14.7p and standard combinatorics we, moreover, 

have for even n>2 

(Tel, (i°“*)"Tei) = (n - 1)!!(D, (7.13) 


and zero for odd n > 1. Thus, we obtain 

^ ^CSel. (i°“‘)”'I'el) = 5^ - ' 

n=0 £=0 


2m 


(D, (A°"*)2D)^ = (7.14) 


where we set i = n/2. Since the sum on the left-hand side above is absolutely 
convergent for any s G C, we conclude that / extends to an entire analytic function 
which coincides with the function on the right-hand side of fl7.14p . □ 


Theorem 7.6. Let Tei G ^ei C ll^eill = 1? i^ei(‘) := (d^eb ■ d^ei) he the cor¬ 
responding state on and (vTei, "HTTg,, Htt^j) its GNS representation. Then, TTei is a 
vacuum representation of{^°'^^,U) in the sense of Definition \2.A 


Remark 7.7. It is easy to see that the above theorem also holds if tt is the original 
vacuum representation and Tei is replaced with D. This gives a different proof of a 
result from lBu71^ . 

Remark 7.8. If U \ l)ph is an irreducible representation of V\. of zero mass and 
some finite, integer spin, one could expect that (^)())(, t^TTe,) is just the usual massless 
free field of this spin on the Fock space. It turns out that this is not true under our 
assumptions and counter-examples can he given using the following simple fact. Let 
Or he the standard double cone of radius r centered at zero. Consider a Haag-Kastler 
net s.t. Ql(Or) = Cl for r < 1 and Ql(Or) A Cl for r > 1. Then also = Cl 

for r < 1. 

Proof. First, for A as in Lemma [7.51 we have 


(Tei,t/(A)e'^°"*D(A)*Tei) 

= (Tel, = (Tei, e'^°“**Tei). (7.15) 
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Since by Proposition 17.31 any element of is a strong limit of finite linear combi¬ 
nations of operators of the form , we obtain that cUei is invariant under Poincare 
transformations. Thus, by the GNS theorem [Ar|. Theorem 2.33] we obtain a unique 
group of unitaries acting on such that 


u^^,{\)7r,yiB)u^^,ixy = 7r,y{u{x)BU{xy), 


(7.16) 


for all B G and A G V\. Weak (and therefore strong) continuity of follows 
from the identity 

U^JX)MByQ^J = (Tel, BlU{X)B2U{Xy^,,), B.^B^e 2l°“S(7.17) 

and strong continuity of U{X). Thus, vTei is a covariant representation. 

Positivity of energy of vTei easily follows from the above information, using ideas 
from |Dy08 Theorem 2.2] and |Arl Theorem 4.5]. More precisely, let B G 2t°^e 
/ G S(Ry be such that supp / fl 17+ = 0. Then, we obtain from (I7.17p that 

||7(/7el,Pel)vrel(5)G^jr = (Tel, i?(/)*5(/)Tel) , (7.18) 


where (Tfei, T*ei) are the generators of To show that the right-hand side above is 
zero, we introduce compact sets K C M^, Ar = {pGl7+|p°<i?} and write 

(Tel, 5(/)*i?(/)Tei) = (i?(A«)Tei, B(f)*B(f)EiAn)'^,,) + 0(7?“^) 

= (i^(A^)Tei, (S(/)*i?(/))()r)E(A^)Tei) + 0(i?-^),(7.19) 

where |0(i?“^)| < Cn/R^ for any 77 G N. Here in the first step we used that 
Tel ^ Dr- second step we exploited the translation invariance of the functional 

on which is induced by i7(A/j)Tei G f}ei H Dfj. This invariance is proven as in 
fl7.15p . By taking first the limit K and making use of Lemma 13.31 and then 

taking the limit 7? —)• oo, we conclude the proof of positivity of energy. 

It remains to show the irreducibility of 7iei- As usually, it suffices to verify the 
clustering property, i.e. 

hm Uel{BiB2{x)) = UeliBi)Uel{B2), (7.20) 

|aj|—)-oo 

In fact, given fl7.2Up and the fact that, by the Mean Ergodic Theorem, 

Einv = s-lim/ (RxU^^yx) (7.21) 

ic^R3 1771 

is a projection on invariant vectors of ( M^, we obtain that T^inv = |H7r^j)(r27reil- 
Then, |Arl Theorem 4.6] gives irreducibility of vTei. 

Let us verify fl7.20p Erst for operators of the form ^ where Ai, y42 are 

as in Lemma [7.51 Taking the Weyl relations and fl7.10p into account, we obtain 
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It is well known that in a vacunm representation w—lim|a;|^oo = |r2)(r2|. (Ob¬ 
serve that {B*Vt,U{x)B*VL) = {^l,[B, B*{x)]^l) 0 for all B as in Lemma [X5|) . 

Hence, 


lim ( 7 . 23 ) 

|£C|—>-CxD 

and this relation extends to hnite linear combinations of operators of the form . 

Now for any -81,-82 £ we can hnd, by the Kaplansky Density Theorem, hnite 
linear combinations -81^, -82,^ such that ||-8i £|| < c, ||-82^£|| < c uniformly in e and 
||(-8J‘ — -8J‘^)Tei|| < £, II(-82 — -82,e)Tei|| < s. Making use of the translation invariance 
of cjei and relation fl 7 . 23 p . we write 


a;ei(Hi- 82 (a;)) = Uei{Bi^^B 2 ,e{,x)) + 0{e) 

= Ue\{Bi^^)uje\{B 2 ^£) -|- 0(e) -|- Oe(|a;|°) 

= n;ei(Hi)a;ei( 52 ) + 0(e) + (7.24) 

where |0(£)| < ce uniformly in |a;| and lim|a;|^.oo 0 £(|a::|°) = 0. By taking hrst the limit 
|a:;| —)■ cxD and then e —)■ 0 we conclude the proof. □ 


A Mean Ergodic Theorem and invariant vectors 

We pick h as in (I4.5jl and recall a variant of the abstract Mean Ergodic Theorem: 

Theorem A.l. Let S be a self-adjoint operator on (a domain in) % and Fs its 
spectral measure. Then, 


s-lim 

t^OO 


dt' ht(t')^^'^ = Fs({0}). 


(A.l) 


Now we determine the projection .F 5 ({ 0 }) on the subspace of invariant vectors of 
1 1 —)■ e^*'^ for the relevant operators S. 

Proposition A.2. Let (H,P) be the energy-momentum operators of a Haag-Kastler 
theory and E their joint spectral measure. 

(a) Let Sy ■.= H — cos i/|P| and Fs^ be the spectral measure of Sy. Then, 


Fssm 


E(dV+) for 0 = 0 , 
E({0}) for ue(0,7r]. 


(A. 2 ) 


(b) Let := H — |^| cos u — uJm(P + ^), where ujm(p) = and Fs„^ be 

the spectral measure of Sy^^. Then, for ^ 7 ^ 0, 


Fsj{0}) 


0 for V G [ 0 , tt) or m > 0 , 

. 8 ({ 0 }) for u = 71 and m = 0. 


(A.3) 
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Proof, (a) For ^ RanF^gdO}), we have {H—\P\)'^q = 0, hence ^ Ra.nE{dV+). 
This gives the hrst part of flA.2p . To check the second part, we note that for z/ G (0, tt] 
the set 


At, := { (p°,p) |p° = cosz/I pI } (A.4) 

intersects with V+ only at {0}. 

(b) First, we note that the set 

:= { (p°, p)\p° = III cos z/ + Um{p + I) } (A.5) 

describes a mass hyperboloid shifted by a spacelike or lightlike vector (||| cosz/, —|). 
Thus contains zero only if m = 0 and z/ = tt. Hence, it suffices to show that the 
relation 


(i/-a;^(P-|))T = |||cosz/T, (A.6) 

where T = A compact, can only hold for T G E{{Q})'H. 

To this end, we generalize an argument from the Appendix of [Bu75j : From flA.bp 
we obtain 


- |P - IP - = III cos u{H + UmiP - 1))^ 

= III cosz/(2Fr — III cosz/)^. (A.7) 

Setting M'^ := H'^ - P^, we get 

= (2i7||| cos z/ - 2 P| + ||p sin^ z/ + m^)T. (A. 8 ) 

Now we want to apply a Lorentz transformation U{A) to both sides of the above 
equation. We recall from Subsection 13.51 that 

U(k)HU{Ay = {v^-i)H + Ua-iP, (A.9) 

U(A)PU(A)* = -vaH + [A-^]P. (A.IO) 

Choosing A = A^ to be a boost with rapidity rj in some direction n orthogonal to |, 
we get that is orthogonal to | and [A“^]^| = |. Therefore, 

= (2((nA-i)P + 'nA-i^)l^|cos z/- 2P| + ||p sin^ z/+ m^)TA,. (A.ll) 

Taking the scalar product with T and making use of (IA. 8 H we get for | 7 ^ 0 and 
cos z/ 7 ^ 0 


{v1/,PTaJ(1-K-i)) = (T,K-iP)Ta,). (A.12) 

We note that the term on the left-hand side above is of order rf while the term on 
the right-hand side is of order rj. Thus, dividing both sides of the equation by rj and 
taking the limit r; —)• 0, we obtain 

(T,nP\k) = 0. 


34 


(A.13) 













Since the above equation holds also for replaced with £'(A±)\b, where A± are chosen 
so that ±E{A±)nPE(A±) > 0, we conclude that (nP)\[' = 0. Substituting this to 
(IA.12P we infer that (d'jPtb) = 0 and, therefore, E E{{0})'H. 

In the case of cos z/ = 0 and ^ 7 ^ 0 we choose A,, to be the boost with rapidity rj 
in the direction of Then, an analogous reasoning as above gives 

(i, ((1 - [A-'|)P)«4 -a,) = -(<I>,F<I>A,)t,Aj.e (A.14) 

Since (1 — [A“^])^^ is of order 77 ^, we obtain (T, PT) = 0, which concludes the proof. 

□ 

B Admissible propagation observables 

Definition B.l. Let [l,oo) 3 t \-E- At E he a propagation observable, H a 

self-adjoint operator on a domain D{H) in %, and D,D* cTL some dense domains. 
We say that A is admissible if: 

(a) For any T G the limit lim^^oo T exists. 

(b) supieR+ < oo- 

(c) Set At{s) := Ate~^^^. All the derivatives A^f^ = dfAt{s)\s=o exist in norm 

and satisfy (a), (b). 

Here (*) means that the statement holds with and without all * symbols (correlated). 

As shown in the next two propositions, limits of admissible propagation observables 
exist as closable operators on the following dense domain 

f|D(P"). (B.l) 

n>l 

Moreover, Dh is an invariant domain of these limits. 

Proposition B.2. Let A be an admissible propagation observable. Then: 

(a) For any T G Djj the limit limi_j.ooAtT exists and defines a closable operator 

^out This operator is uniguely specified by its values on D. 

(b) A°-^Dh C Dh. 

Proof. Exploiting part (c) of Dehnition IB.11 we write 

AT = (1 + H)-\-i)A[^^^ + (1 + H)-^At{l + H)^. (B.2) 

To prove (a), we use Dehnition IB.II (b), (c) to approximate vectors T, (1 + i7)T by 
elements of D uniformly in t. By part (a) of Dehnition IB.11 At, converge on D 
which gives the existence of as an operator on Dh- Since the above reasoning 
applies also to A^, the operator is closable. To show that it is uniquely determined 
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by its values on D, consider admissible propagation observables Ai and A 2 such that 
limi^oo^i.t^ = hmt^oo^2,t*h for <h G -D. Then, it is clear from the above discussion 
that = ^2“* as operators on Dh- This completes the proof of (a). 

To prove (b), we make use of a standard commutator formula (see e.g. |FGS01] ) 


1(1 + hY,A,] = ((i adpA,)(l + Hy-\ (B.3) 

k=l ^ ' 

ndUAt) := A, ad^(A) := [H, ad^-'(A)], (B.4) 


which holds as an equality of quadratic forms on Dh x Dh- Exploiting part (c) of 
Dehnition IB.H which ensures that ad^(v4t) = (—are bounded operators, we 
obtain for any T G Dh 


A,-a = (1 + ^2 (1) (B,5) 

k=0 ^ ^ ' 

where we set by convention Af''^ = At- Taking now the limit t ^ 00 on both sides of 
(IB.Sp . we obtain (b). □ 


Proposition B.3. Let Ai, i = 1,... ,n, he admissible propagation observables. Then, 
for any T G Dh, 

^out _ _ _ ^out^ ^ (B g) 

t—^oo 

Proof. For n = 1 the statement follows from Proposition IB.2I We suppose now it 
holds for some n > 1 and prove it for n + 1. Similarly as in flB.2p . we write for any 
dt e Dh 


n+1 

Ai^t ■ ■ ■ An+i^t^ = Ai^t{l + H) ^(— i) A2^t ■ ■ ■ A\j_ ... 

1=2 

Ai^tiX + H) ^• • • ^n+i,t(l +(B-7) 

By the induction hypothesis and Proposition IB.2I the above expression converges 
strongly as t —)■ 00 . Next, we pick $ G Dh and write 

($, Ai,,... A+i,t4/) = ($, + o{t^) 

= ($, • • • A+i^) + o(t°), (B.8) 

where in the hrst step we used the induction hypothesis, in the second step Proposi¬ 
tion |B2] and o{tP) denotes terms which tend to zero as t —)■ 00 . This concludes the 
proof. □ 
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C Geometric argument 


Proof of Lemma I6.lt First, we note that 

UO>'' = U U {AO + r(l,gA(e))}c U {A0 + T(l,9A(e))}=:MMC.l) 

t>l t>l rGt+t^supp/i tGR+ 

On the other hand, 

U^o. = u u {AC> + rA(l,0)} C IJ {AC> + rA(l,0)} 

t>l t>l rGt+t^supp/i 

C U {AO + (K) + t^A0)r(l,^7 a(0))} = U^. (C.2) 

tGR+ 

Here in the third step we made use of fl3.18p and fl3.19p and in the last step of 
the fact that the prefactors (('Ua) + v^Q) are strictly positive and, thus, they just 
reparametrize r. 

Let us first disregard the Lorentz transformations, i.e. show that for any double 
cone O G /C and open Q G with 0 C there is a future lightcone V and a 
hypercone C C J^v such that the corresponding set is in C^. The extension of 

the statement to where A is in some neighbourhood of unity N in will be 
discussed in the last part of the proof. 

First, we £x a future lightcone V so that O C V and choose a coordinate frame 
in which the origin is at the apex of V. Next, use the fact that there is an £q G 5^ 
and an 1 > £o > 0 such that the spherical cap 

Q,:= {ie S^\l-e <i£o<l} (C.3) 

is contained in S'^\0 for all 0 < e < Sq. Let, moreover, be a cone in the unit ball B 
with apex at := {l — e)£Q and the opening angle determined by More precisely. 


Kg := (n G B\u = Ui; + s {£ — u^), 0 < s < 1, £ G 0£} . 


(C.4) 


Using the Beltrami-Klein map r; : —)■ B given by v{a) = a/a^, the corresponding 

hyperbolic cone C(Kg) C is given by 


C(K.) = f 


(l,w) 


\/l — 


G 




u = + s {£ — Wg), 0 < s < 1, € G 0£ 


(C.5) 


We note that as £ —)■ 0, the apex of C(Kg) tends to lightlike inhnity in the direction of 
£o and the opening angle tends to zero. In fact, for all 0 < s < 1 and £ G 0^ we have 


Ue{s, £) ■.= Ue + s {£ — itg) = £o{l — e(l — s)) + s{£ — £o). (C.6) 

Noting that (£ —= 2(1 —£€o) < 2e: and setting h^{s,£) := —e^£o{l — s) + se~^{£ — 
£o), we have 

Us{s,£) = £o + e^hs{s,£), 

\he{s,£)\ < 3. 
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(C.7) 

(C.8) 










Now a simple computation using (IC.6P gives 

1 — u^{s, lY = £(1 — s){2 — £(1 — s) + 2s(l — e:)(l — i£o)e~^]. (C.9) 

It is easy to see that 1 <{...}< 4 and, therefore, we can hnd a function {s,£) t—)■ 
gs{s,i) such that | < g^{s,i) < f and 

^ ^ (C.IO) 

v'l - Ue{s,eY ^Je{l - s) 

Thus, skipping the arguments of g, h and setting M := e~Y S := g{l — s)~Y we have 

(l,n£(s,£)) 


a /1 - uYs,£y 


= MS{l,£o) + SiO,h), 


(C.ll) 


_ -| /Q — 

where M takes values in /q ' , oo) and S' in [|, oo). 

Let us now show that there is a c > 0 such that for sufficiently large M 


{MS{1,£q) +S{0,h)-xY <-c, (C.12) 

for all X G (9, S' G [|,cxo) and h within the above restrictions. Since O C V, there 
are constants co,c'q such that 

0 < Co < (x° ± |a;|) < c/, (C.13) 


uniformly in x G (9. 
Hence, 


Moreover, due to fIC.lip we have (MS'(l,£o) + S{0,h)Y = 


(MS(1, £o) + ^(0, h) - xY = f^- 2MS{x^ - x£Y - 2^(0, h)x + x^ 

< -2MSco + QSc'a + {c'oY + (C.14) 

which proves flC.12p . 

Next, let us show that there is a c' > 0 such that for sufficiently large M 

{MS{1, £o) + S(0, h)-x- r(l, £')Y < -c', (C.15) 


for all r G M+, £' E Q, x E O, S E [f,C)o) and h within the above restrictions. In 
view of flC.12j) . it suffices to note the estimate 


(MS(1, £o) + ^(0, h) - x) (1, £') = S(M(1 - £o£') - h£') - x(l, £') 

> (f/2)(M£o-3) -c/. (C.16) 

Thus, we have proven that C C(Ke)'^ = C{KY'^ for £ sufficiently small, depending 
on O and 0. 

Finally, let us choose a double cone Oq, satisfying Oq C O, and an open set 
©0 C S*^, fulhlling ©0 C ©. {Oq and ©o are still arbitrary, within the restrictions of 
the lemma, since O and © were arbitrary). Then, there is clearly a neighbourhood of 
unity N in the Lorentz group such that KOq C O and 5'a(©o) C © for all A G iV (cf. 
fl3.20p for the latter condition). Therefore, by the hrst part of the proof, 

UY C C", A G N, 


where W/ is dehned as in (IC.ip using Oq and ©q. 
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(C.17) 

□ 























D Integrating Heisenberg commutation relations 
to Weyl relations 


We state below two known results which were used in Section [71 The hrst one is the 
Nelson commutator theorem |RS2l Theorem X.37], |Fr771 Theorem 0’]. 

Theorem D.l. Let N be a self-adjoint operator on D{N) with N > 1. Let A be a 
symmetric operator on "H with domain D{A) which contains D{N). Suppose that 

||71T|| < cIlA^TlI and |(7lT, A^T) - (iVT, 7lT)| < (D.18) 

for all T G D{N). Then, A is essentially self-adjoint on D{N) and its unique self- 
adjoint extension A* is essentially self-adjoint on any core for N. 

Before we state the second result we need some preparations. Let A, N be as in 
Theorem lD.il We, then, dehne 

A = i[N,A] (D.19) 

as a quadratic form on D{N) x D{N). The associated operator A° is given by 

D(i°) = {T e T)(X) |3cvi> s.t. |(<h,iT)| < c^||<h|| for all <h e D(X)}, (D.20) 

= iT, T G D{A°), (D.21) 


where the vector AT corresponds via the Riesz theorem to the bounded functional 
appearing in (lD.2np . It is easy to see that A° is a symmetric operator on D{A°). 
However, it is not guaranteed that D{A°) is dense. 

Now we are in a position to state a result about integration of canonical commu¬ 
tation relations from |Fr771 Theorem 1 m]. (Although separability of TL is assumed 
in [W77] . this property is not used in the proof of the following result). 

Theorem D.2. Let N be a self-adjoint operator with N > 1. LetAi, A 2 be symmetric 
operators with domains D{Ai) and D{A 2 ), containing D{N), and such that 


C i[Ai, A2], 


(D.22) 


defined as a quadratic form on D{N) x D{N), is a multiple of the identity. Assume 
moreover that D{Al) D D{N) and Ai,A 2 ,A\ satisfy W.18\) . Then, the self-adjoint 
extensions A*, A*, given by Theorem W.A satisfy 




s, t G M. 


(D.23) 


From Theorem ID.21 we easily get the usual form of the Weyl relations appearing 
in Proposition 17.31 

Corollary D.3. Let 77, Ai, A2 be as in Theorem ID. A Then Ai + A2, defined as a 
symmetric operator on D(Ai)nD(A2) is essentially self-adjoint on D{N) and its self- 
adjoint extension (Ai -|- A2)* is essentially self-adjoint on any core for N. Moreover, 

git(Ai+A2)* ^ t G M, (D.24) 


with C defined by liD.2A) . 
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Proof. To justify the first statement, we note that Ai + A 2 satishes the assumptions 
of Theorem ID. II Now we dehne 


i/(t) ;= (D.25) 

Clearly, D(0) = 1 and, making use of flD.231 we get 

V{t)V{s) = 

^ Q-^{t+sfC^tAl^isAl^tA-^isA- P_26) 

Thus D is a one-parameter group of unitaries, whose weak (and therefore strong) 
continuity is obvious. By the Stone theorem V{t) = e^*^, for a self-adjoint operator 
Q given by 

D{Q) := { T G I lim ~ ^ T exists }, (D.27) 

QT = lim ~ for T e D{Q), (D.28) 

T^O i T 

cf. [RSll Theorems VIII.7, VIII.8]. From the equality 

(V(r) - 1) = (e-^'^ - + e‘"^* - 1) + (e‘"^* - 1) (D.29) 

and the Stone theorem we immediately conclude that D{N) C D{Q), (since D{N) C 
D{Al) n ^(A*)), and that 

Q \ D{N) = {Ai + A2) \ DiN). (D.30) 

Thus, Q is a self-adjoint extension of {Ai -|- A 2 ) \ D{N) and by the hrst part of the 
theorem we obtain Q = [Ai + A 2 )*. □ 

E Conventions 

1. ^(p°) = (27r)“^/^ J g{x'^)dx'^ for g G L^(M). 

2- g{p) = (27r)“^/^ f g{x)d?x for g G L^(M^). 

3- dip) = (27r)~‘^ J for g G L^{W^). 

4. f{p) = (27r)-2 / e-^^P°^°-P^'^T{x)d^x for T G S'{R^). 

5- if * 9 ){x) = J f{x- y)g{y)d?y for /,^ G L\R^). 

6. (/ *3 9 ){x) = J f{x^, X - y)g{y)d^y for / G L^(M^), g G L^(R^). 
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